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Exponential Stability of a Class of Infinite Dimensional Coupled
Systems∗†
Zhan-Dong Mei ‡
Abstract
This paper is concerned with exponential stability of a class of infinite dimensional coupled
systems. It is proved that under some admissibility conditions, the considered infinite dimen-
sional coupled system is governed by a C0-semigroup. Furthermore, if both the free subsystems
are governed by exponentially stable C0-semigroups, then so is the coupled system. The results
are applied to simplify the proof of semigroup generation and exponential stability for several
coupled systems emerged in control theory literatures.
Key words: Exponential stability, coupled systems, admissible control, admissible observation,
Riesz basis.
1 Introduction and definitions
As is well-known, in many infinite dimensional linear control systems, the closed-loop systems (or
subsystems) under appropriate feedback laws are usually described by coupled systems as follows{
x˙(t) = Ax(t) +BCy(t)
y˙(t) = Ay(t)
(1.1)
where A and A respectively generate C0-semigroups on Banach spaces X and X; C is a linear
bounded operator from D(A) to Banach space U with D(A) being Banach space equipped with
graph norm; B is a linear bounded operator from U to the extrapolation space XA−1 of X . By
definition [2], the extrapolation space XA−1 is the completion of X under the norm ‖R(λ0,A) ·‖ with
R(λ0,A) the resolvent of A at λ0. Hence the proofs of the well-posedness (semigroup generation)
and exponential (or asymptotic) stability of couple system (1.1) are essentially important in control
theory.
In [3, (4.42)], [4, (3.1)] and [5, (3.1)], the generations of semigroups and exponential stabilities
of the coupled systems were proved by virtue of rather complicated Riesz basis approach. In order
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to verify that system [6, (10)] generates an exponentially stable C0-semigroup, a quite skillful inner
product was introduced and energy multiplier method was used, and the proof is rather length.
All the aforementioned references dealt with the coupled system just case by case, and the
proof seems rather complicated. Motivated by this, in this paper, our objective is to develop a
uniform fame to settle such problem. Concretely, we shall verify in Section 2 that under some
considerable conditions system (1.1) is governed by an exponentially stable C0-semigroup by pure
semigroup method. In order to end this section, we introduce the the notions of admissible control
and admissible observation, which will be used in next section.
Definition 1.1 [7, 8] Assume that X and U are Banach spaces, and A generates a C0-semigroup
eAt on X.
(i). We call B ∈ L(U,X−1) to be admissible for e
At, if for a (and hence for all) t0 > 0 and
u ∈ L2loc(0,∞;U),
∫ t0
0 e
A(t−s)Bu(s)ds ∈ X and∥∥∥∥∫ t0
0
eA(t−s)Bu(s)ds
∥∥∥∥ ≤WA,B(t0)(∫ t0
0
‖u(s)‖2ds
) 1
2
,
where WA,B : (0,∞)→ [0,∞) is a nondescreased function depending on A and B.
(ii). We call C ∈ L(D(A), U) to be admissible for eAt, if for any x ∈ D(A) and a (and hence
for all) t0 > 0, there holds ∫ t0
0
‖CeAsx‖2ds ≤ V 2A,C(t0)‖x‖
2,
where VA,C : (0,∞)→ [0,∞) is a nondescreased function depending on A and C.
2 Main Results
In this section, we shall present our main results: under some admissibility conditions, system
(1.1) is governed by a C0-semigroup; in addition, if both the free subsystems are governed by
exponentially stable C0-semigroups, so is the coupled system.
Theorem 2.1 Assume that B ∈ L(U,XA−1) and C ∈ L(D(A), U) are admissible for e
At and eAt,
respectively. Then, the operator A =
(
A BC
0 A
)
with domain D(A) = {(f, g) ∈ X ×D(A) : Af+
BCg ∈ X} generates a C0-semigroup. If, in addition, the semigroup e
At and eAt are exponentially
stable, then so is the semigroup eAt.
Proof. Since C is admissible for eAt, it follows from [8] that for any g ∈ X, eAtg ∈ D(CΛ), a.e.
t ≥ 0 and CΛe
A·g ∈ L2loc(0,∞;U), where
(
CΛ,D(CΛ)
)
is an extension of (A,D(A)) defined by D(CΛ) = {g ∈ X : the limt limλ→+∞CR(λ,A)g exists},
CΛg = limλ→+∞CR(λ,A)g, g ∈ D(CΛ).
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We define a family of operators {S(t)}t≥0 by
S(t)(f, g)T =
(
eAtf +
∫ t
0 e
A(t−σ)BCΛe
Aσgdσ
eAtg
)
, ∀ (f, g) ∈ X ×X.
It is easily seen that S(·) is strongly continuous on [0,∞). Moreover, since A and A are generators
of C0-semigroups, for any λ ∈ ρ(A) ∩ ρ(A) and (f, g) ∈ X ×X we have∫ ∞
0
e−λtS(t)(f, g)T dt =
(
R(λ,A)f +R(λ,A)BCR(λ,A)g
R(λ,A)g
)
= R(λ,A)(f, g)T . (2.1)
By [1, page 113, Theorem 3.17], S(t) is a C0-semigroup generated by A.
Next, we shall prove that the semigroup S(t) = eAt is exponentially stable provided eAt and
eAt are exponentially stable. By [8], the exponential stability of eAt means that, there exist positive
constants MA, ωA and N such that
‖eAt‖ ≤MAe
−ωAt, VA,C(t) ≤ N, ∀ t > 0. (2.2)
Next, by [7], the admissibility of B for eAt implies that∫ t
0
eA(t−σ)BCΛe
Aσgdσ ∈ X , ∀ g ∈ X. (2.3)
Moreover, since the semigroup eAt is exponentially stable, by [7] there exist positive constants MA,
ωA and K such that
‖eAt‖ ≤MAe
−ωAt, WA,B(t) ≤ K, ∀ t > 0. (2.4)
The combination of (2.2), (2.3) and (2.4) produces∥∥∥∥ ∫ t
0
eA(t−σ)BCΛe
Aσgdσ
∥∥∥∥ ≤ K(∫ t
0
‖CΛe
Aσg‖2dσ
) 1
2
≤ KN‖g‖, ∀ g ∈ X. (2.5)
Let 0 < γ < min{ωA, ωA} and (f, g) ∈ X × X. By bounded perturbation theorem of C0-
semigroups [2, p.158], γ+A and γ+A generate C0-semigroups e
(γ+A)t = eγteA and e(γ+A)t = eγteA,
respectively. Moreover, e(γ+A)t and e(γ+A)t are exponentially stable and the following inequality,
similarly to (2.5), holds∥∥∥∥∫ t
0
e(γ+A0)(t−Aσ)BCΛe
(γ+A)σgdσ
∥∥∥∥ ≤ K1N1‖g‖, ∀g ∈ X, (2.6)
where K1 and N1 are positive constants similar to K and N , respectively. We compute∥∥∥∥eγt(eAtf + ∫ t
0
eA(t−σ)BCΛe
Aσgdσ
)∥∥∥∥ =∥∥∥∥eγteAtf + ∫ t
0
eγ(t−σ)eA(t−σ)BCΛe
γσeAσgdσ
∥∥∥∥
=
∥∥∥∥e(γ+A)tf + ∫ t
0
e(γ+A)(t−σ)BCΛe
(γ+A)σgdσ
∥∥∥∥
≤MAe
−(ωA−γ)t‖f‖+K1N1‖g‖,
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which implies that∥∥∥∥eAtf + ∫ t
0
eA(t−σ)BCΛe
Aσgdσ
∥∥∥∥ ≤ max{MA,K1N1}e−γt(‖f‖+ ‖g‖).
Therefore,
‖S(t)(f, g)‖ ≤MAe
−ωAt‖g‖ +max{MA,K1N1}e
−γt(‖f‖+ ‖g‖)
≤max{MA +MA,K1N1 +MA}e
−γt(‖f‖+ ‖g‖),
which implies that S(·) : [0,∞)→ L(X ×X) is exponentially stable. The proof is completed.
Remark 2.2 We have to mention that the semigroup generation part of Theorem 2.1 can also
be obtained by the feedback theory of regular linear system [9]. The core idea of the proof: define
Aext = diag(A, A), Bext = (B, 0)
T , and Cext = (0, C), and verify that (Aext, Bext, Cext) forms
a regular linear system with admissible feedback operator I, then A is the closed-loop system and
thereby generates a C0-semigroup. In our Theorem 2.1, we use a direct and simple approach, pure
semigroup method, other than feedback theory of regular linear system, and therefore the terms
“regular linear system” and “admissible feedback operator” are not involved.
The importance of Theorem 2.1 lies in that it supplies us with a uniform frame to prove
semigroup generation and exponential stability for many coupled partial differential equations,
since Riesz basis approach as well as energy multiplier approach to coupled partial differential
equations seems rather complicated. In the rest of this section, we shall present four examples for
the applications of Theorem 2.1.
Example 2.3 In [5, (3.1)], the closed-loop system is governed by
ŵtt(x, t) + ŵxxxx(x, t) = 0, x ∈ (0, 1), t > 0,
ŵ(0, t) = ŵxx(1, t) = 0, ŵxxx(1, t) = γŵt(1, t) t ≥ 0,
ŵxx(0, t) = c2ŵxt(0, t) + c3ŵx(0, t) + wxx(0, t), t ≥ 0,
wtt(x, t) + wxxxx(x, t) = 0, x ∈ (0, 1), t > 0,
w(0, t) = wx(0, t) = wxx(1, t) = 0, t ≥ 0,
wxxx(1, t) = c1ŵt(1, t), t ≥ 0,
(2.7)
which is equivalent to 
wtt(x, t) + wxxxx(x, t) = 0, x ∈ (0, 1), t > 0,
w(0, t) = wx(0, t) = wxx(1, t) = 0, t ≥ 0,
wxxx(1, t) = c1wt(1, t) + c1εt(1, t), t ≥ 0,
εtt(x, t) + εxxxx(x, t) = 0, x ∈ (0, 1), t > 0,
ε(0, t) = εxx(1, t) = 0, εxxx(1, t) = 0 t ≥ 0,
εxx(0, t) = c2εxt(0, t) + c3εx(0, t), t ≥ 0,
(2.8)
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where ε(x, t) = ŵ(x, t) − w(x, t), c1, c2, c3 > 0. Let H = H
2
E(0, 1) × L
2(0, 1),H2E(0, 1) = {f ∈
H2(0, 1)|f(0) = f ′(0) = 0}, with the inner product induced norm ‖(f, g)‖2
H
=
∫ 1
0 [|f
′′(x)|2+|g(x)|2]dx
for any (f, g) ∈ H. Define A(f, g) = (g,−f
(4)),
D(A) = {(f, g) ∈ H|f ′′(1) = 0, f ′′′(1) = c1g(1)};
and  A(f, g) = (g,−f
(4)),
D(A) = {(f, g) ∈ X|A(f, g) ∈ X, f ′′(1) = f ′′′(1) = 0, f ′′(0) = c2g
′(0) + c3f
′(0)}
where X = H2F (0, 1) × L
2(0, 1), H2F (0, 1) = {f ∈ H
2(0, 1) : f(0) = 0} with inner product induce
norm ‖(f, g)‖2
X
=
∫ 1
0 [|f
′′(x)|2 + |g(x)|2]dx+ c3|f
′(0)|2 for any (f, g) ∈ X. Let
B1 = (0, δ(x − 1))
⊤ and C1 = (0, c1δ(x− 1))
with δ being Dirac operator. It is well known that both A and A are generators of exponentially
stable C0-semigroups on H and X, respectively. It is easily seen that B1 is admissible for e
At. By
[5, Theorem 2.1], C1 is admissible for e
At. Observe that the system operator corresponding to (2.8)
is A1 =
(
A B1C1
0 A
)
with domain D(A1) = {(f, g) ∈ H×D(A) : Af+B1C1g ∈ H}. By Theorem
2.1, the closed-loop system (2.8) or (2.7) is exponentially stable. This avoids the complicated Riesz
basis generation procedure in [5].
Example 2.4 The (w, d˜) part of [3, (4.42)] is given by
wtt(x, t) +wxxxx(x, t) = 0, x ∈ (0, 1), t > 0,
wxxx(0, t) = wxx(0, t) = w(1, t) = 0, t ≥ 0,
wxx(1, t) = −c2wxt(1, t) − c3wx(1, t) + d˜xx(1, t), t ≥ 0,
d˜tt(x, t) + d˜xxxx(x, t) = 0, x ∈ (0, 1), t > 0,
d˜xxx(0, t) = −c1d˜t(0, t), t ≥ 0,
d˜xx(0, t) = d˜(1, t) = d˜x(1, t) = 0, t ≥ 0.
(2.9)
Let l(x, t) = w(1− x, t), p˜(x, t) = d˜(1− x, t). Let c1, c2, c3, A and A be defined as in Example 2.3.
Then, system (2.9) is equivalent to
ltt(x, t) + lxxxx(x, t) = 0, x ∈ (0, 1), t > 0,
lxxx(1, t) = lxx(1, t) = l(0, t) = 0, t ≥ 0,
lxx(0, t) = c2lxt(0, t) + c3lx(0, t) + p˜xx(0, t), t ≥ 0,
p˜tt(x, t) + p˜xxxx(x, t) = 0, x ∈ (0, 1), t > 0,
p˜xxx(1, t) = c1p˜t(1, t), t ≥ 0,
p˜xx(1, t) = p˜(0, t) = p˜x(0, t) = 0, t ≥ 0,
(2.10)
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whose system operator is A2 =
(
A B2C2
0 A
)
with domain D(A2) = {(f, g) ∈ X×D(A) : Af +
B2C2g ∈ X}, where B2 = (0, δ
′(x))T and C2 = (δ
′′(x), 0). By [5, Theorem 2.1], B2 is admissible
for eAt. It is routine to show that C2 is admissible for e
At. Therefore, we can apply Theorem 2.1
to deduce that system (2.10) or (2.9) is exponentially stable. Once again, we avoid proving the
complicated Riesz basis generation procedure in [3].
Example 2.5 In [10, (2.6) and (3.4)], the coupled system is described by
ǫtt(x, t) = ǫxx(x, t),
ǫx(0, t) = c2ǫt(0, t) + d˜x(0, t),
ǫx(1, t) = −c1ǫ(1, t),
d˜tt(x, t) = d˜xx(x, t),
d˜x(1, t) = −c0d˜t(1, t), d˜(0, t) = 0,
(2.11)
where c0, c1, c2 > 0. Let H0 = H
1(0, 1)×L2(0, 1)} with the inner product induced norm ‖(f, g)‖2
H0
=∫ 1
0 [|f
′(x)|2 + |g(x)|2]dx+ c1|f(1)|
2 for any (f, g) ∈ H0. Define A(f, g) = (g, f
′′),
D(A) = {(f, g) ∈ H0|f
′(0) = c2g(0), f
′(1) = −c1f(1)};
and  A(f, g) = (g, f
′′),
D(A) = {(f, g) ∈ X|A(f, g) ∈ X, f ′(1) = −c0f(1)}
where X = H1F (0, 1) × L
2(0, 1), H1F (0, 1) = {f ∈ H
1(0, 1) : f(0) = 0} with inner product induce
norm ‖(f, g)‖2
X
=
∫ 1
0 [|f
′(x)|2 + |g(x)|2]dx for any (f, g) ∈ X. Let
B0 = (0, δ(x)) and C0 = (δ
′(x), 0)T .
It is well known that both A and A are generators of exponentially stable C0-semigroups on H0
and X, respectively. By [10, Theorem 3.1], it follows that B0 is admissible for e
At and C0 is
admissible for eAt. The system operator corresponding to (2.8) is A1 =
(
A B0C0
0 A
)
with domain
D(A1) = {(f, g) ∈ H0×D(A) : Af +B0C0g ∈ H0}. By Theorem 2.1, the closed-loop system (2.11)
is exponentially stable. However, Zhou and Guo [10] only derived the asymptotic stability of system
(2.11), and the exponential stability was obtained only in the case that c0 = 1. Furthermore, by
Theorem 2.1, the assumption c0 = 1 in [10, Theorem 3.2] can be removed. Therefore, we improve
greatly the main results of [10].
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Example 2.6 In [6, (10)], the coupled system is described as follows
w˜tt(x, t) = w˜xx(x, t) + (c1 + q)e
qx[qǫ(0, t) + c0ǫt(0, t)],
w˜x(0, t) = c1w˜(0, t) − [qǫ(0, t) + c0ǫt(0, t)],
w˜x(1, t) = −c2w˜t(1, t),
ǫtt(x, t) = ǫxx(x, t),
ǫx(0, t) = c0ǫt(0, t), ǫ(1, t) = 0,
(2.12)
where q > 0; c0, c1, c2 are the same as in Example 2.5. Let w(x, t) = w˜(1−x, t), d(x, t) = ǫ(1−x, t).
Then we transform (2.12) to
wtt(x, t) = wxx(x, t) + (c1 + q)e
q(1−x)[qǫ(1, t) + c0ǫt(1, t)],
wx(1, t) = −c1w(1, t) + [qd(1, t) + c0dt(1, t)],
wx(0, t) = c2wt(0, t),
dtt(x, t) = dxx(x, t),
dx(1, t) = −c0dt(1, t), d(0, t) = 0,
(2.13)
Let A and A be defined as in Example 2.5. Denote
B =
(
(c1 + q)e
q· 0
0 δ(x − 1)
)
= (B1, B2), and C =
(
qδ(x) c0δ(x)
qδ(x) c0δ(x)
)
=
(
C1
C1
)
.
Since B1 is a linear bounded operator and B2 is admissible for e
At, B is admissible for eAt. By
definition and the exponential stability of eAt, there exists a constant M > 0 such that |ǫ(0, t)| ≤
1
c1
‖(ǫ(·, t), ǫt(·, t))‖ ≤
M
c1
‖(ǫ(·, 0), ǫt(·, 0))‖. Accordingly, (qδ(x), 0) is admissible for e
At. It is rou-
tine to verify that (0, c0δ(x)) is admissible for e
At. Hence C is admissible for eAt. The system
operator corresponding to (2.13) is A2 =
(
A BC
0 A
)
with domain D(A2) = {(f, g) ∈ H0×D(A) :
Af + BCg ∈ H0}. By Theorem 2.1, the closed-loop system (2.13) or (2.12) is governed by and
exponentially stable C0-semigroup. It is seen that in [6], the authors proved the results by introduce
a quite skillful equivalent inner product. Moreover, the proof in [6] is lengthy. Here the procedure
of constructing skillful inner product is removed and the proof is greatly simplified.
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